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A microscopic model considering the effect of molecular 
biaxiality on ferroelectric ordering of liquid crystalline 

smectic C* phases 

by M. A. OSIPOVt 
Institute of Theoretical Physics, Technical University Berlin, 

D-10623 Berlin, Germany 

and R. MEISTER and H. STEGEMEYER* 
Institute of Physical Chemistry, University Paderborn, 

D-33095 Paderborn, Germany 

(Received 26 April 1993; accepted 19 August 1993) 

On the basis of a mean-field approach, a microscopic model is presented to 
explain some ferroelectric properties of induced smectic C* phases of chiral dipolar 
guest molecules in an achiral smectic C host phase. The molecular biaxiality of the 
chiral dopants has been taken into account, resulting in a polar and quadrupolar 
ordering of the molecular short axes in the rotational distribution function of the 
guest molecules. This model explains the dependence of the magnitude and sign of 
the spontaneous polarization on the molecular structure of a series of cyclo- 
hexanone derivatives used as chiral dopants, as well as the effect of a local field at 
higher dopant concentrations. 

1. Introduction 
Induced smectic C* phases are obtained by mixing chiral guest substances with 

achiral host substances that show a smectic C phase. The measured spontaneous 
polarization P,, as well as the tilt angle 0 depend on both compounds and show a non- 
linear dependence on the mol fraction xG of the guest substance. In most cases the 
reduced polarization Po = Ps/sin 19 depends only on the guest substance and shows a 
linear dependence P,(x,). With substances that show the above behaviour the 
polarization power 6, = dP,/i3xG characterizes the possibility of a given chiral dopant 
to induce a spontaneous polarization. 

In a previous article [l], four cyclohexanone derivatives as dopants were 
investigated. In these substances, both the chiral centres and the transverse dipoles 
were placed in the central core, in contradiction to most other substances where the 
dipole and chiral centre are located in an alkyl side chain. The molecular structure 
of the central core is given as follows: 
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174 M. A. Osipov et al. 

la IJa 

Ib IIb 
Figure 1. Space filling models (computer program Alchemy 11) of the cyclohexanone 

derivatives used as chiral dopants. 

Polarization power 6, and sign of the spontaneous polarization of chiral dopants in the smectic C 
host phase 8007 [l]. 

Chiral dopant Sign of Po 6,/nCcm--2 

Ia Positive + 240 
Ib (Negative) % O  
IIb Negative - 370 
IIb Negative -235 

For details we refer to [l]. Space fillings models of these dopants are shown in figure 1. 
On examination of the ferroelectric properties, some unexpected results were 

obtained. A sign inversion of Ps appears, dependent on the structure of the achiral 
substituents of the guest. From the table, it can be seen that for IIa and IIb a negative 
sign P ,  appears, while for la the sign is positive. With Ib as a dopant, no spontanteous 
polarization could be measured. 

The results could be interpreted by taking some steric effects into account, but no 
molecular statistical equations for the observed phenomenological coefficients could 
be given. Also the effect of quadrupolar ordering was not taken into account. 

In this article a molecular statistical theory of ferroelectric ordering in smectic C* 
phases will be developed which takes into account polar and quadrupolar ordering. 

Starting from the mean field approximation of the free energy in the smectic C* 
phase, a formula for the spontaneous polarization is obtained where the coefficients are 
determined in terms of the intermolecular interaction potential. This general ex- 
pression for P, is used for a qualitative interpretation of the experimental results 
obtained in [l]  and discussed above. 

The main idea of this explanation is related to the fact that the minima of the polar 
and non-polar parts of the effective one-particle potential generally do not coincide. 
Then there is a competition between these two ordering mechanisms, which can be 
responsible for the change in absolute value and sign of P ,  for substances with different 
molecular structures. 

The molecular statistical theory also gives an expression for the local field 
correction which was used in 121 to explain a non-linear behaviour of P,(x,). 
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Ferroelectric ordering in S;* phases 175 

2. Effect of molecular biaxiality on the spontaneous polarization 
2.1. General results 

In this section we consider in more detail the molecular statistical theory of 
ferroelectric ordering in a smectic C* phase composed of biaxial molecules. It should be 
noted that the effect of biaxiality has not been taken into account in the existing theory 
of ferroelectric smectics [3,4], except for the simple microscopic model proposed by 
Urbanc and Zeks [S]. We shall see, however, that the biaxial ordering of strongly 
asymmetric molecules in the smectic C phase appears to be an important phenomenon 
which enables one to explain the unusual variation of the absolute value and the sign of 
the spontaneous polarization induced by a change in the non-chiral part of the 
molecule [ 11. 

In the molecular-field approximation, the free energy of a liquid crystal can be 
written in the form 

P 

where p is the number density and the variable y denotes both the position r and the 
orientation w of the biaxial molecule, V(yl, yz) is the attractive interaction potential 
between the molecules ‘1’ and ‘2’, C 1 2  is the distance of minimum approach for the two 
molecules and Q(C1 - r 2) is the step-function; Q(C1 - r 2) = 0 if the molecules 
penetrateeach other(i.e. C12<r12)andR(C12-r12)= 1 ifthey donot. Here, r12=lr121 is 
the intermolecular distance. Note that the function C12 is completely determined by the 
shape of a rigid molecule. Finally,f(y) =f(r, w )  is the one-particle distribution function 
which depends both on the position and orientation. 

The first term in equation (1) is the mixing entropy of the liquid crystal and the 
second one is the internal energy. The third term is the so-called packing entropy which 
is determined by the molecular geometry. 

The distribution functionf( y) can be determined by minimization of the free energy 
( 1 )  

with 

and 

Note that the effective potential Veff(1,2) in equation (3) is a sum of two terms which 
represent (i) the contributions from the intermolecular attraction and (ii) the steric 
repulsion. In equation (3) we can specify the orientation of a biaxial molecule by two 
unit vectors a and b in the direction of the molecular long and short axes, respectively, 
cf. figure 2. 

In the general case the averaging over positional and orientational degrees of 
freedom equation (2) appears to be a very complicated procedure. It can be simplified in 
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I 

I 

(b) 

Figure 7. (u) Biaxial rigid dopant molecule whose orientation is specified by the unit vectors a, b 
and c. (b) Cross-section of a biaxial dopant molecule showing the relative positions of its 
transverse dipole pl and its steric dipole S, with respect to  the molecular plane. 

the approximation of the perfect translational order of the molecular centres in the 
smectic C phase and perfect orientational order of the molecular long axes. This 
approximation seems to be reasonable for the smectic C phase, since both the 
orientational and translational order should be close to saturation far from the N-I 
and N-S, transition points. In this approximation, the one-particle distribution 
function depends only on the orientation of the molecular short axis b and equation (2) 
can be rcwritten as 

I \ 
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Ferroelectric ordering in S z  phases 177 

where Kff(bl, b2) is the effective interaction potential averaged over the positional 
distribution of the molecular centres of mass in the smectic structure 

Kff(bl> b,)=ap V,,,(n, b,, b,, ~ 1 2 ~ ~ ~ 2 ~ ~ ~ 1 2 ~ ~ ~ ~ 1 2  d2u,, s 
where n is the director, k is the unit vector normal to the smectic planes, u12 = rl2/rI2 is 
a unit vector in the direction of r 1 2  and o is the fraction of the nearest neighbours (with 
respect to the total number of neighbouring molecules) which are in the same plane 
with the given molecule. 6(u12k) is the &function which is non-zero only when u , , l k .  
Note that the argument in round brackets means the scalar product. 

2.2. Efective interaction potential in the smectic C* phase 
In the general case the orientation of any rigid biaxial molecule can be specified by 

two unit vectors a and b in the direction of the long and one ‘short’ axis, respectively. 
However, sometimes it is convenient to introduce also the second short axis c = [ab], 
see again figure 2. Note that the expression in square brackets means the vector 
product. In the approximation of perfect order in the smectic C phase orientation of the 
long axis a is fixed (a,ag = nung) and the tensors b,h, and c,cp are related by the following 
equation: 

where 6,, is the unit tensor, a,B=x,y,z.  From symmetry reasons, the effective 
interaction potential in the smectic C* phase depends not only on the direction of the 
molecular short axes b,, b2, but also on the vector order parameter c=(nk)[nk], where 
k is the smectic plane normal and n is the director. (Note that the equilibrium 
spontaneous polarization in the smectic C* phase is along C and It1 =sin 28, where 8 is 
the tilt angle.) Now the interaction potential can be expanded in powers of 4 

babg + c,c, + nun, = b,,, (7) 

V,d1,2)= vo(b1, b,)+ Chde)tu+C$?5at~, (8) 

where the interaction potential Vo(bl, b2) does not depend on < and can be also 
approximately represented as a sum of polar (index dd) and non-polar (index qq) (in the 
lowest order) terms: 

where P,(b, b2) is the second Legendre polynomial. 
Now let us discuss the physical meaning of the different terms in equations (8) and 

(9). The first term in equation (9) represents a contribution from the usual dipole-dipole 
interaction modulated by the asymmetric molecular shape. In the general case the 
second term is the anisotropic part of the non-polar potential which can be determined 
both by the van der Waals interaction between the transverse molecular polariza- 
bilities, and by steric repulsion between flat molecules. In general, this term possesses a 
quadrupolar symmetry and can be interpreted qualitatively as an interaction between 
induced quadrupolcs (which determine the molecular polarizability) and between the 
so-called ‘steric quadrupoles’ [6]. 

The second term in equation (8) is chiral by symmetry and the coupling constant 
C(de) should come from the interaction between the dipole (electric or steric) and the 
average tilt. The coupling constant is determined by the molecular chirality and 

vO(b1, b,)= &d(b,bZ)+ bqfYb1b2) (9) 
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178 M. A. Osipov et (11. 

the corresponding chiral and polar intermolecular interactions (which are responsible 
for this contribution to the effective potential) are discussed in detail in [3,4]. By 
contrast, the last term in equation (8) is non-chiral and represents an interaction 
between molecular ‘quadrupole’ and the tilt. 

For simplicity, we shall consider only the most simple contributions to the last two 
terms in equation (8) which correspond to the effective interaction between one 
molecule and the tilt. In this case 

CLdO) = CkdB’( b ,) + Chd‘”( b,) (10) 
and 

CF;) = C$’( b,) + Ch$)( b,) 

where the vector C(ds) and the tensor C$) are given by the following general 
expressions: 

and 
Y (12) 

(13) 

C(dW = C$@b + c(4@’c 

C$) = Ctze’b,bp + C$,?(bacp + cabp) + C ~ ) C , C ~ .  

The last two terms in equation (8) can be further simplified if one uses the specific 
definition of the molecular short axis b. For example, it is possible to take b along the 
vector C(de). In this case Cy) = O  and CLde)tb = C(“)(bt). This means that the vector b has 
been taken along some real physical vector parameter of the molecule which is actually 
ordered along 5 in the smectic C* phase. It is known from the molecular theory of 
ferroelectric ordering [3,4] that this vector can be the transverse steric dipole. 
However, with this definition of the short axis b, the tensor Ch%@ is not necessarily 
diagonal. This can take place, for example, when the steric dipole is tilted with respect 
to the main axis of the transverse steric ‘quadrupole’ (see figure 2(b)). 

When the molecular biaxiality is large (i.e. when the molecules are ‘flat’), the 
molecular ‘planes’ tend to align parallel to 5 and this effect can be stronger than the 
corresponding tendency for the steric dipole. In this case, it is more convenient to use 
another definition of the short axis b which transforms the tensor C$)into the diagonal 
form 

(14) (48)  - C(4o)b b + C(4f))r. c‘ C a ~ - x  a p  y u p ’  

Note that in this case the vector C(dB) is not parallel to b and is given by the general 
equation (12). 

Substituting now equations (1 2), (14) and (9) into (5) and (8), we obtain the following 
expressions for the one-particle distribution function and the effective mean-field 
potential as a function of the angle $ between the molecular short axis b and 5. The 
angle $ describes the rotation of the biaxial molecule around its long axis 

f($) = 2- exp (- (kT)-  U($)) ,  (15) 
with 

u($)= ~ d d ( c o ~ $ ) C O S $ + ( 3 / 2 ) v ~ ~ ( C O S 2 $ ) C O S 2 ~  +AVd,5COS($-I(l ,q)+Al/qe52 COs2$, 

(1 6)  
with 
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Ferroelectric ordering in S,* phases 179 

and 

Note that the angle $,, is a parameter of the molecular structure. In the simple steric 
model, presented on figure 2 (b), $sq is the angle between the transverse steric dipole and 
the principle axis of the transverse steric quadrupole (i.e. the tilt angle of the steric 
dipole with respect to the molecular 'plane'). Note that the quantity AVqo can be 
considered as a measure of molecular biaxiality. 

2.3. Mean-jield potential for the chiral guest molecule 
Equation (16) for the one-particle mean-field potential can be readily generalized to 

the case of a chiral dopant in a non-chiral smectic C matrix. In this case equation (16) 
should be rewritten as 

ud$~)=(fl'd,l'xG<cos $G) + ~ ~ ~ Y - x ~ K c o ~  $H)) cos Ic/G 

+(T/b',"XG(COs 2$G) + flh',"'(l -XG)(COs 2$H)) CoS 2$G 

(20) +Av(d,2,5CoS($G-$,q)+Avbe 12) f 2 cos2$G, 

where xG is the molar fraction of the chiral guest molecules and the coupling constants 
fl") and V(12) represent the interaction between two guest molecules and the 
interaction between a guest and a host molecule, respectively. The angles $G and $, are 
the angles between the vector C and the short axis b, and b, of the guest and host 
molecules, respectively. 

Note that the order parameters (cos t+hG), (cos 2Ic/G) and (cos t,hH), (cos 2$,) are 
generally not only equal, but also can differ substantially if the structure of the guest 
and host molecules is essentially different. 

2.4. Injluence of the molecular biaxiality on the value and sign of the spontaneous 
polurization 

In the general case, the spontaneous polarization of the smectic C* liquid crystal 
can be written as 

ps = L 0 . L  ) = P ( P L  b) + P y W 7  (21) 

where pI is the transverse molecular dipole and the averaging is performed with the 
one-particle distribution function equation (1 5). 

Note that both (b) and ( c )  are parallel to < and thus the spontaneous polarization 
P, can also be expressed as 

p s  = PPl(C0S ($ - $dq))C, (22) 
where $dq is the angle between the transverse dipole pl and the molecular short axis b 
defined above (see figure 2(b)). 

The majority of ferroelectric liquid crystals do not possess a very large spontaneous 
polarization and thus the order parameter (cos $) is usually small. This corresponds 
also to induced smectic C* phases (mixtures of chiral dopants and smectic C host 
phases). For example, (cos $) % lo-' for the liquid crystal material DOBAMBC 
according to the results of NMR measurements and also theoretical estimates [3]. This 
means that the coupling constant (Vd,(cos$)+AVdOf) is also small and one can 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
5
2
 
2
6
 
J
a
n
u
a
r
y
 
2
0
1
1



180 M. A. Osipov et a/. 

expand the expression for the distribution function in powers of this parameter, taking 
into account the first two terms. (It should be noted, however, that this procedure is 
invalid for ferroelectric crystals with extremely large spontaneous polarizations of the 
order of lo3 nC cm2 (see, for example, [7,8]). In such systems, the order parameter 
(cos $) is expected to be close to unity.) Finally one obtains the following expression 
for the spontaneous polarization 

with 

where q0 is the angle between the electric and steric dipole and 
susceptibility 

is the dielectric 

X = [ 1  - ( 2 p ) - ' ( l / , , / k T ) ( C O S $ + ( C O S 2 $ ) + C O S $ 0 ) ] - '  (27) 

and the quadrupolar order parameter (cos2$) is determined by the following self- 
consistent equation 

(cos 2$) = Z ;  cos 2$ exp( - V,($)/kT)d$, (28) s 
with 

V0($)=((3/2)Vd,(cos 2$) +(1/2)1/,,sin28)cos2$ (29) 

and 

Note that in this approximation, the quadrupolar order parameter has the same value 
as in the corresponding non-chiral smectic C phase, since it is indeed determined 
mainly by non-chiral intermolecular interactions. 

It should also be noted that equations (24H30) can be used in the case of non-chiral 
smectics C phases with chiral molecules, if the transverse electric dipole of n host 
molecule is much smaller than that of the guest molecule. In this simple case, one has only 
to substitute in equations (24) and (27) p for poxG and Vdd for VAix& where xc; is the 
molar fraction of chiral molecules. Then the coupling constants AVd, and AV& must be 
also interpreted as contributions from the corresponding interactions between guest 
and host molecules. In such a system, the spontaneous polarization is determined only 
by the ordering of the guest dipoles. In the more general case, however, the dipoles of 
the host molecules can also give some contribution. This more complicated case will be 
considered elsewhere. 

Now let us try to use equations (24H27) in the interpretation of the experimental 
data obtained by Stegemeyer s t  ul. [l]. The systematic variation of the chiral guest 
structure has been performed and the spontaneous polarization has been measured for 
four different chiral dopants (see figure 1) in the same host smectic C phase. In this 
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paper, the so-called polarization power 6, is introduced which relates to P ,  at small xG 
by the following equation: 

ps 6,=- 
xG sin f3 

It should be noted that the difference in the four chiral dopants presented in figure 1 is 
determined by only two elements: the ester group which is added to the cyclohexanone 
ring in la and Ib and the third cyclohexane ring in Ib and IIb. Within the present 
approach we can assume qualitatively that the addition of the ester group is equivalent 
to the introduction of a large steric dipole and the addition of the third cyclohexane ring 
increases the effective molecular steric quadrupole, since the biaxial rigid core of the 
molecule is enlarged. 

Let us consider first the two chiral dopants Ia and IIa which do not possess the third 
cyclohexane ring. It is ,reasonable to assume that for such molecules the biaxial 
ordering of the molecular hard cores (which are relatively small) is weak and one can 
neglect the first term (i.e. the quadrupolar order parameter (cos 2$)) in equation (24) 
for the spontaneous polarization. Then the difference between the values and signs of 
the spontaneous polarization for substances Ia and IIa should be determined, in the 
first approximation, only by the parameter cos t,b0, where $,, is an angle between the 
transverse electric and steric dipole. Note that the absolute value and the direction of 
the electric dipole is about the same in both molecules. 

According to [ 11, the transverse dipole of IIa is dominated by the cyano group and 
is inclined at an angle of 40" to the normal to the molecular plane. In the guest molecule 
Ia, the ester group also contributes to the dipole and the resulting transverse dipole 
moment is inclined at 15" to the normal to the molecular plane. At the same time, the 
main contribution to the transverse steric dipole ofIa comes from the ester group which 
is roughly parallel to the electric dipole. Therefore, the angle $o should be small and the 
parameter cos $o must be positive and relatively large. The resulting spontaneous 
polarization must also be positive which agrees with experiment. By contrast, the 
spontaneous polarization of IIa is negative, which can be explained by the strong 
change in steric dipole. This is determined now, most probably, by the average bend of 
the molecule which points approximately in the opposite direction. Then the angle 
$,>90" and the parameter C O S $ ~  is negative, which also holds for 6, (see table). 

It should be noted, of course, that this interpretation is very qualitative and it does 
not explain, for example, why the absolute value of the spontaneous polarization is 
larger for IIa. However, we did not take into account several additional factors, and this 
difference can be determined, for example, by some 'basic' negative contribution which 
can come from the ordering of host molecules (which do possess some transverse 
dipoles in the present case, cf. [l]). 

Now let us consider the structure of the remaining two guest molecules Ib and IIb. 
The third ring increases the molecular biaxiality and in this case one cannot neglect the 
effect of the biaxial ordering of the molecular short axes. Therefore, the spontaneous 
polarization is determined now by both terms in equation (24). What happens when 
one adds the third cyclohexane ring to the molecule Ia? We assume that the 
introduction of this ring increases mainly the quadrupolar order parameter (cos 2$) in 
equation (24) and, as a result, the additional term wcos $ + (cos 2$) is added to the 
spontaneous polarization. Note that this term is negative, since the angle $ + z 180" 
when $oxOo, and the electric and steric dipoles point more or less in opposite 
directions. Thus the two terms in equation (24) for the spontaneous polarization, 
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182 M. A. Osipov et al. 

induced by Ib, can compensate each other and the resulting polarization can be close to 
zero as has been observed experimentally (cf. table). 

The same qualitative explanation can also be used in the case of the guest 
compound IIb. In this case, the 'initial' polarization, induced by the molecule Ira, is 
negative and the angle 90" < $o < 180". Then the introduction of the third ring is again 
equivalent to the appearance of the large 'quadrupolar' term in equation (24) which is 
positive (since the angle $ + is now about 0') and is subtracted from the 'initial' negative 
term. As a result the absolute value of the spontaneous polarization is decreased in 
accordance with experiment. 

2.5. Concentration dependence of the spontaneous polarization and the local j e l d  effect 
Let us consider now the dependence of spontaneous polarization on the con- 

centration of chiral guest molecules in induced smectic C* phases. According to 
equations (24)-(27) and the discussion presented in 82.4, the polarization induced by a 
chiral guest in the smectic C phase is given by 

with 

and 
ic=cos$+(cos2~)+cos*o.  (34) 

Note that the mol fraction xG of chiral molecules enters the expression for the 
spontaneous polarization in two different ways. Firstly, the spontaneous polarization is 
simply proportional to xG at small xG<< 1. This is a well-known result which represents 
the fact that the spontaneous polarization appears only in the presence of chiral 
molecules and is determined mainly by an interaction between guest and host. 

At the same time, the dielectric susceptibility x also depends on xG according to 
equation (33). This dependence comes from the interaction betweent the permanent 
dipoles of the guest molecules. The corresponding coupling constant Vd, in equation 
(33) can, in principle, be determined from the general equations (3), (6) and (9), 
substituting the dipole-dipole interaction potential. The resulting expression can be 
given as 

where the parameter A depends on the molecular shape and on the tilt angle 8. The 
calcuIation of the parameter A represents a separate complicated problem which we 
shall not discuss here. In this paper we shall not need any specific information about A. 

Now we can write the spontaneous polarization in the following simple form: 

vdd = p?A? (35)  

with 

xGu sin 28 
1 -x ,p fA1~/2kT  ' 

P, = 

AvdB u = +pp1--lC, 
kT 

(36) 

(37) 

Note that this expression is equivalent to the one obtained in [2], taking into account 
the local electric field corrections to the spontaneous polarization (if one neglects the 
molecular polarizability, which we did not take into account in the present theory). 
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Thus we see that the local field effects, discussed in [2], can be accounted for within 
the present approach, taking into consideration the dipoledipole interaction modu- 
lated by the asymmetric molecular shape. It should be noted that the value of the 
parameter A can differ from the value 1/3&0 for a Lorentzian type field which has been 
assumed in [2] as a first approximation. 

Note that there is an additional 'geometrical' factor K in equation (36) which 
depends on the quadrupolar order parameter (cos 2$). This difference, however, does 
not change the qualitative considerations of [2]. 

3. Conclusions 
On the basis of the mean field theory of the molecular interaction in ferroelectric 

smectic C* phases, a microscopic model has been developed which explains some 
effects of molecular structure on the sign and magnitude of the spontaneous 
polarization. This model considers the biaxiality of the molecules leading to a polar and 
quadrupolar ordering of the molecular short axes within the smectic planes. Both order 
parameters are sensitive to the molecular biaxiality and to the relative orientation of 
the electric and steric dipoles in a different way. Thus, in the case of a given dipolar 
chiral core, the resulting spontaneous polarization depends on the structure of the 
attached non-chiral substituents determining the molecular biaxiality. By this model, 
the experimental results formerly obtained [l] can be understood. Further, the effect of 
a local field explaining the non-linear behaviour of the function Po(x,) [2] obviously 
follows from the theoretical model. As the polar and quadrupolar ordering depend on 
temperature in a different way according to the model given above, the sign reversal of 
P, with temperature [9,10,11] can be explained; this will be discussed in another paper 
Cl2l. 
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